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A Bose gas with repulsive interactions in a generic power-law potential is studied in the Hartree-Fock
approximation. The scaling parameter characterizing the role of two-body repulsive interactions is expressed in
terms of the scaled scattering length and the trap parameter. The chemical potential obtained here provides a
correction to the existing analytical result, especially in the critical region of Bose-Einstein condensation.
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The role of interatomic forces in the thermodynamic prop-
erties of a homogeneous Bose gas has long been the object of
numerous theoretical studies see, e.g., 1–4. The effects
due to the interatomic forces are known to be important at
low temperatures. Recent experiments in atomic traps reveal
that important features of the inhomogeneous Bose con-
densed gases are undoubtedly connected to the interparticle
interactions. This gives rise to the question of how the trap-
ping potential affects the interaction effects, which has been
the subject of numerous theoretical 5,6 and experimental
7 investigations in recent years.
The chemical potential  is crucial in determining the
distribution function of the excitations; thus the thermody-
namic properties are usually expressed with . On the other
hand, the chemical potential also depends on the interparticle
interactions. Consequently, the chemical potential provides a
useful starting point for estimating the influence of interac-
tions on the thermodynamic properties. However, the chemi-
cal potential usually appears as a parameter fixed by the total
particle number in traps. Therefore, to give an explicit de-
pendence of  on temperature is significant.
In the present Brief Report, we study a Bose gas with
repulsive interactions in a generic power-law potential in the
Hartree-Fock approximation. The interaction effects involv-
ing the thermal component are included in addition to those
of the condensate and, consequently, the chemical potential
obtained here provides a correction to the existing analytical
result, especially in the critical region of Bose-Einstein con-
densation.
Let us consider a system of N bosons with mass m in a
generic power-law potential 8







where the constants i and Li set the energy and length scales
for the trap.
In the case of a noninteracting Bose gas, Bose-Einstein
condensation takes place below the critical temperature
9,10
kBTc
0 =  N22/m−3/2Fi,Li,ti + 3/2
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 is the gamma function, and
=
 j=1
	 j− is the Riemann zeta function. At a temperature
T below Tc
0, the condensate fraction takes the form 8–10
N0
N





is the reduced temperature.
In the case of an interacting Bose gas, the effects of two-
body interactions are significant, especially in the presence





2r + Vextr + gn0r + 2nTrr = r ,
7
where n0 and nT are, respectively, the condensate and the
thermal densities, and the coupling constant g is related to





Equation 7 includes the mean-field effects of the conden-
sate and the thermal cloud and coincides with the corre-
sponding result within the Hartree-Fock-Bogoliubov-Popov
approximation 13 which omits quantum fluctuations and
pair anomalous average. It is a solid starting point for dis-*mzli@xmu.edu.cn
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cussing the thermodynamic properties of a condensate
5,14.
At zero temperature, nearly all excited particles above the
condensate vanish. Neglecting quantum depletion and the
kinetic-energy term in Eq. 7 results in =gn0r+Vextr,
hence the ground-state density
n0r =  − Vextr/g 9
in the region where Vextr, and n0=0 elsewhere 14,15.
Integrating the density over space yields the total particle
number N; thus the chemical potential is fixed by N and the







A scaling parameter accounting for the role of two-body





This dimensionless parameter  is important in describing
effects of interactions on the thermodynamic behavior of the
system at both low and high temperatures. In the thermody-
namic limit the system exhibits a scaling behavior on this
parameter.
With the help of Eqs. 2 and 10, the definition 11 may
be expressed as








is the de Broglie wavelength for the ideal gas at criticality.
The dimensionless intensive property  is expressed ex-
plicitly in terms of intensive quantities, the scaled scattering
length as and the trap parameter , rather than extensive
quantities such as N. Moreover, this expression for  mani-
fests the role of interactions and infers that the scattering
length plays its role via a /c
0, i.e., the strength of interactions
is more accurately characterized by the scattering length
scaled with respect to the de Broglie wavelength at critical-
ity, thus providing a clear physical insight. Furthermore, it
manifests the interplay between the interactions and the trap
to facilitate the discussion of interacting Bose gases in dif-
ferent traps.
At finite temperatures below Tc
0, as the thermal depletion
increases with temperature, interaction effects involving the
thermal component should be taken into account in addition
to those of the condensate, especially when T goes close to
Tc
0. Neglecting the kinetic-energy term in Eq. 7 yields
 = gn0r + 2nTr + Vextr . 15
Integrating the condensate density n0 over space, we obtain








 + 1  1g + 1+1 − 233/2 , 16
where an approximation has been made that the constraint






as the density of the thermal component in the condensate
region.
From Eqs. 10 and 16 and with the help of Eqs.

















is the chemical potential in units of kBTc
0, and we have used
Eq. 5 for the condensate fraction. Obviously, ignoring the








This is the scheme of Refs. 5,14 to obtain analytical esti-
mates of s.
Although only an interacting Bose gas trapped in a ge-
neric power-law potential has been studied, Eq. 18 readily
reduces to describe interacting as well as noninteracting
gases and harmonically trapped as well as uniform gases, as
long as the trap and the interaction parameters are chosen
properly, as discussed below.
First, for a noninteracting Bose gas, as=0 and hence
=0, Eq. 18 reduces to
s = 0, 21
recovering the well-known result.
For a uniform interacting Bose gas, ti→	 and hence
=0, Eq. 18 turns into
s = 0,Ts = 1 + Ts
3/2 , 22
which leads to
 = gn + nT . 23
Expression 23 is exactly what was derived in Ref. 3 using
the binary collision method. At zero temperature Ts=0, Eq.
22 gives
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s = 0,Ts = 0 =  = 23/2as, 24
which is easily verified to be the familiar form
=42na /m 18,19. At the critical point Ts=1, Eq. 22
becomes
s = 0,Ts = 1 = 2 = 43/2as, 25
which turns out to be the familiar form =82na /m
18,19.
For an interacting Bose gas in a harmonic trap =3 /2,



















presented in Refs. 5,14. At zero temperature, Eq. 26 reads
as
s = 3/2,Ts = 0 =  = 15/43as2/5, 28
which is well known and widely employed in literature. At
the critical point, we have
s = 3/2,Ts = 1 = 103/2as. 29
The dependence of s on Ts is not straightforward, thus in
Fig. 1 we plot s as a function of Ts for three values of the
trap parameter . The plot shows that our results given by
Eq. 18 or Eq. 26 are in satisfactory agreement with the
numerical results given in the Popov approximation
5,14,16. Notice that for Ts→0, the plotted quantity coin-
cides with the parameter , which is in consistent with the
definition 11 as it should. It is seen that s is larger for a
smaller . A trap with a smaller  is flatter at the center and
steeper at the edge; consequently, the condensate feels
weaker confinement and hence has stronger depletion, which
leads to a larger chemical potential. Figure 1 also shows our
correction to the analytical estimates using Eq. 20. We note
that since Eq. 17 is accurate for a homogeneous gas but
overestimates for an inhomogeneous gas, the correction is
accurate in the former case but overestimates in the latter
case. As shown in Fig. 1, the correction manifests itself in
the critical region of Bose-Einstein condensation. This is be-
cause the correction stemming from the last term in Eq. 18
accounts for the interaction effects involving the thermal
bosons and is larger at higher temperatures due to a larger
thermal depletion. It is also seen that the correction is larger
for a smaller . In a trap with a smaller , the condensate
feels weaker confinement and spreads; consequently the
saturated thermal cloud feels weaker repulsion and thus has a
higher density, which then increases its particle number and
has a greater contribution. Another interesting feature shown
by Fig. 1 is that with  denoting the two-body repulsive
interactions, the chemical potential s for =0, while
s for =3 /2. This might underlie many opposite con-
tributions of interactions in the homogeneous and the har-
monically trapped Bose gases.
The unified expression 18 also gives another evidence
that  together with Ts act as two scaling parameters for the
system: one as the scaled interaction, the other as the scaled
temperature.
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